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introduction
course instructor : Dr

. ReetinderSidhu.reetindersidhu@pes.edu

• knowledge of hardware essential for efficient software

Moore's law
• - 30 years ago , supercomputers needed liquid nitrogen
•

Every ruler months
,
no . of transistors per chip area doubles

. Transistor speed 2x
, power consumption Yzx .

• Moore 's law is now slowing down
• Therefore

,
to improve performance , deeper knowledge of

hardware needed for good software
• Targeted hardware accelerators developed
° Google has tensorFlow 4 Tensor Processing unit accelerators
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BOOLEANFUNC.IT#

Mathematical Functions
. Example : parabola
° Domain q range set of real numbers
• can be specified on Cartesian plane
. Specify function as a box

tf
Boolean Functions

° Example : AND function / gate
• Domain Ee range : {0,13
. Specify function using truth table

¥:
° Specify as logic gate (black box)

TODO : redraw
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-

B3AMIEUUNVEIIONVSSHKOHELGA.IE#
a y = a y -- a-

1) BUFFER -D- 2) NOT a-Do-

3) AND ÷D_Y=
ab

g or ⇒ye= at b

5) N'AND IDO-D=
AT

p nor
E-
abt

b b

7) XOR ¥D€a④b g) *or
a

⇒Do
⑤T

b

° Number of rows for a n-input TT = 2
"

° How many different 1- input boolean functions can exist ? ( 22)

Layers of Abstraction

• Logic minimisation : truth table
• logic design level : component in logic circuit

• CMOS VLSI design : transistor level circuit diagram with

digital switches con or off)
. VLSI layout level (silicon metal)
• VLSI fabrication level -

'

chip (microprocessor)
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Booleanatgebracydentities

Logic circuits

. Multiple logic gates
° VP of one gate connected to YP of another
° Represent Boolean functions
. Look at Perfect Induction

Boolean Formulas

• Boolean constants (O and 1) are Boolean formulas
° Boolean variables ( like x) are Boolean formulas
• If P Ee Q and Boolean formulas

,

precedence t - pt
. a) Boolean formulas2

.

3 . P t Q

Q: How is C la -E) + Cb - c)) a Boolean formula?
1. a

, b G c are Boolean formulas

2 . E is a Boolean formula
3 . AI and be are Boolean formulas
4. a.I t b -c is a Boolean formula

Boolean Formulas g Logic circuits

1
.

Constants q variables are inputs to logic gates
2
.

o operator means AND

3. + operator means OR

4.
-

operator means NOT
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Q: convert ka-I) + Cb - c)) to a logic circuit

a-
U -- a.E

- z

be

+b.c

-

V-
- b - c

COMBINATIONAL LOGIC CIRCUITS

: circuits that can be represented by Boolean formulas
Unlike sequential logic circuits (with feedback)

* HDL (hardware descriptive language) not in this

course
.

BOOLEAN ALGEBRA 4 IDENTITIES

• Boolean functions can be represented as truth tables
,

combinational logic circuits and Boolean formulas

• Multiple Boolean functions by CLG for Boolean
formula

Note -Bubbles

ates can be replaced with a bubble

i
.

it.
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Boolean Algebra
1
.
Set : {0,13

2
. Operations : AND

,
OR

,
NOT

3. Identity element : co - OR , I
- AND)

4. Laws : commutative
,
associative

,
distributive

Boolean Identities

1
.

Commutative

a. b = b. a r

Atb = b ta d
dual

2
.
Associative

cab) . c = a - Cb -C) I dual
cat b) tc = at Cbtc)

s . Distributive

a. Cbtc) -

- Ab t a.c
yr dual

at Cb -c) = (Atb) - Cate)

4. DeMorgan's

(abt = a- - b-
yr
dual

cats) = a- t 5

5 . Idempotency
a.a = a

Ata = a
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6. Identity
a. I -

- a

Ato --a

7- Boundedness

A-0=0

At I = I

s . complement
a.a- -
- o

Ata -
- I

9 . Absorption

at a- b = a

A- Catb) = a

10 - Involution

E --a

ii. Useful Identity
at -a - b = atb = Cata) -Catb) = atb

a - (Itb) = a- b = a. a- t a-b = a-b
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MULTIPLE INPUTS

• Due to associativity
,
atbtc q a - b - c require no

brackets and the order does not matter.

• Using DeMorgan 's Laws

a- - 5 = abt

=D -

-=D
It 5 = AT

=D Do

logic minimisationCy K- MAPS

° construct Boolean formula / CLC using truth table
• using smallest two- level sum of Products formula

TERMINOLOGY
° Literal - Bool variable / complement leg : E)
• Product - AND of two or more literals

leg : abi)
o Minterm- product involving all inputs to Boolean
function ( such that minterm product -- D
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lowercase m

In:*.midterms

• Sum - OR of two or more literals

ceg : atbtc)

• Maxterm- sum involving all inputs to Boolean
function ( such that Maxterm sum -

- O )

uppercase M

names} mffxterms
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Sum of Products

• sum of all midterms corresponding to a 1

output

.

eg
:

O O
O O

O O
O O

o SOP form Boolean formula :

y= Ebc tabet abet abc

y = Mzt Mq t Mo t My

• Sigma CS) notation

y = El Mz , My > Mo ,MD

y
-

- E ( 3,4 , 6,7)

• Boolean function f

y
-

- f- Ca ,b ,c) = 8 (Mz,My , MG , m2)

° Can use 4 3-input AND gates and I 4- input
OR gate to construct CLC
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Product of sums

° product of all maxterms corresponding to a

O output
. eg: o O

O O
O O

O O

• Pos from Boolean formula

y=
Catbtc) - C atbtt) -Catbtc) - Coitbtc)

y = Mo Mi Ma Ms

o Pi (TD notation

y
-

- M ( Mo ,Mi, Mr , Ms)

y
-

- 1710,1 , 2,5)

° Boolean function f

y-- Ha ,b ,c) = 1710,1 ,2,5)
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Logicminimisatimusingtdentitieso
Consider y= a-bctabitabct Abc

o minimise using identities
= abt a-bet

y
-

- a-bctabc- tab + abe
ATE

= balata) taccbtb) =a¥¥b

a. proven: ::IIIae=w+ae¥E-

- abtattabc
abtbctac

= b (atac)
= ablett) t betat Tat
= abctabctbctac = blate) ta
= bc(att) t at Cb-11) = beta tab
= bc t AE

Q : Minimise Catbtcllatbtc) (atbtc) ( a- tbtc)

flatb) 1-Catb)It @tho) c) (atbtccatbtc)
= fat b) ( aaftabtactb-atbtstbc-tcatcb.io)= at b ) ( ab tact a- Is the teat bc)
= ab tact a5Et abe tab tablet a-be tbc
= ab (HC) tai CHI) t abt tbeclta)
= abt att bet ABE
= abt AE -Ibc
= abc tabEt attbe
= bet at
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ktuaps

• Named after Maurice Karnaugh
• MinterMs that differ in one literal must be adjacent

IMPUCANTS
• K-Map area composed of squares containing Is
• Area is square) rectangular (wraparound allowed)
• No .

of squares in area is power of 2
• Each implicant → product of literals

Prime Implicants
• Implicant with largest no .

of squares
obeying the rules

Essential prime Implicant
• Prime implicant containing square not in any
other prime implant

° k map method : includes all prime implants such that

each 1 square is covered and formula is minimal
.

° For this TT

o
: ÷÷i¥÷÷÷÷:

O 4 I 0 I 1
5

O 6

O 7
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Example't

÷÷÷n÷÷¥¥:*
-

green

÷: csbyeetfnegnelyggvered

SOP : ai + be Cunchanging terms)

Exampled

i
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÷: "" ""

c + a = Ha ,b , c)

Examples

÷÷÷i¥÷÷i÷÷÷
(no unique solution)
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Example,

÷÷÷: i:÷÷÷÷÷÷÷*ii÷i÷÷÷
÷÷:

"" " t .

Examples

sons.
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D0N'TCAR

• If we know for a fact that certain input
combinations cannot occur in a logic gate , we

place a don't care

° The logic circuit will never receive that input
combination

,
so we don't care if it's a O or a 1

Exampled green - required
C ? --x)

÷÷i÷÷
Do for both O and I

b- I Ic b L BE IE Ic be be

Sop -- y = b- tea soP=y=bT

° Whichever results in a smaller Boolean formula is
used
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Exampleil

f- (a ,b, C ,d) = Elms ,M4 , Ms
, My , Mg , MB , Ml4) MI5)

* foot Eid idiot
a-5 Oo Oo 0

,
I
,
O
z y

-

- Eoibtcdatabc

"b "
+ Eda

ab 11 On ④ 4

a5 10 Og la Oi
,
Ono

Examples-
flap,c.d) = ECO , 1,216,819,10)

* foot Eid idiot
a-500 Oz ④ y- E5 tacdtbcd
"b "

ab 11 0,20 is Ois 0,4

a5 10 MI 0 If8 9 11 70
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EMMI
flap ,c , d) =8(0,213,5 , 7,819 , 10,1413115)

ayyad c-d- Ed od cat

''

n
't :c::i÷:i:

ab

as MT

don't care

Etampk
ftp.c , d) = 811,3, 10) t Ed FOR ,8,127

ayyad c-d- Ed od cat

a- area'

ab X O O O

as TX O O f
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Examples

f-Cw
,
x ,y id

-
- 8 l l , 3,7 , 11,15) t 8D CO

,2,
5)

÷:
. ..
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BINARYNUMBERSD
Unsigned

2) signed
] representation

UNSIGNED n-I
-

M --E xix 2
"

5- lol i--o

4 - 100 n -- no . of digits
ki -- digit

SIGNEDMSB
indicates sign

MSB I → -ve

MSB O → t ve

kepresentpositiveno.se

-15→ 0101

+6 → 0110

representnegativeno.se
(three ways)

1. Simple sign magnitude
-15 → 0101
-5 → 1101
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2. I's complement
+5 →

0101g invert all O 's

1 's complement→ to , o
and 1 's

-5 -7 1010

problem : to and - O are different

to → 0000
- O → Ill I

3 . 2's complement
° we do not use sign magnitude or I's
complement forms

o 1's comp + I

+5 → 0101

1's comp → 1010
-5 → 1011 → 2's complement

• advantage : O is universal

to→ 0000

I 's comp → Ill I
-O → oooo (overflow)

° 2's complement of 2 's complement is the

original no
.

• used in comps
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o Eg : +5 → 0101

12 's complement

- 5 → I 011

12's complement

1- 5→ 0101

Intuition :
- 5 → 1011
- 4 → 11002

Tl

i . can add 2 's comp to tve no . for subtraction

° for an n-bit signed no
,

2
"

no - s for oqtve
,

2^-1 for -ve

0000 O 1000 - 8

0001 I 1001 - 7

0010 2 10 10 -6

001 I 3 10 11 - 5
0 100 4 I 100 - 4
010 I 5 11 01 - 3

01 10 6 l l l O - 2

O l l l 7 Ill I - I
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adding and subtracting
binary numbers

ADDITION

• binary addition

5-13

'old ,

+0,0¥ =s

SUBTRACTION.todo a -b do at C-b) or at 2 's

complement of b

• note: signed vs unsigned addition

• 3-5 = -5 +3

toil

+9¥ → find 2's comp

0001 + I = 0010

i. res = -2
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Example 12

I 11 or -5

• Add 0111 and 1011 deal with overflow
↳ signed
↳ unsigned

unsigned signed
l l l l l l

0111 0111
+ I 011 1011
-
t

①0010 = 2 ①0010=2
overflow 18 no overflow ?

There are 24 -bit no .
s whose 2 's complement

does not reverse the sign

1 . 0000 → O

g
overflow

2 's comp : 1111 t I = ①0000

2. 1000→ -8

2's comp : 0111 t ) → 1000 → -8
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LOGIC CIRCUITS FOR ADDITION

structure of logic circuits

93 bs azbz a, b, Ao bo

←

1. t t t
Sg Sz S

,
So

3 input

④④ 2 input
-

°

° LSB : 2 -input adder - half adder CHA)
• all other bits : 3 - input adder - full adder CFA)
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HALF ADDER

""

÷iii÷i
• SOP formulas (minterms)

5- a-btab (XOR function)
s = a④ b

c-- ab ( AND function)

b a

LED'
Dt
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FULLADDER.is,÷÷÷i÷i:
l l

o SOP formulas

s -- IIc + a-BE t ab-Et abc

S = a④ b④ C

conf a- be + AIC t abit abc
= bcCata) t accbtb) t able to)

(out
-

- abt bot AC

iffier.⇒
¥⇒
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Examplets
- HW

Perform binary subtraction (not addition) and draw
logic circuits

l l
O l l O O l
X 10 O l 9-0011-00112I O l l O

O l l O 6

93 bs azbz a, b, Ao bo

of da d
,

do

6 - 3 =3 5 - 2 =3

l l l

O l l O O l O l
- O o l l - O O l O

Toi Toi

a - bin - b
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HALFSUBTRACTOR.it
SOP Formulas

D= a- b tab = a⑦ b

bout = a- b

a b

#Dt
⇒eat
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FULLSUBTRACTORA-bc-bindb.ie# A - bin - b

O O O O O if a Cbtbin
a-b -bin → O O l l l

:
"" '

a'
'

neandfeda.to.
I O l O O

l l O O O

a -b - bin→ l l l l l

=
-l (+2)

=/

D= a b ④ C

bout = a-bit a-bit a-bet abc
= toccata) t a-bcctc) + a- ccbtb)

bout
-
- bctabtac
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INCREMENTLOGKURCUIT.be
I

by b
,

b ,
bo

← in.

I
.
I t t

93 92 a
,

ao

TWOYCOMPLE-MENT.toinverted -11

i. i i . io
F P P P

← in.

93 92 a
,

ao
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TWOISCOMPLEMENTSUBTRACTORI. i i . io
F P P P

¥t¥←
in

co.

it it if it
←i±± is

t t t t
S
z

Sr S
, so
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TwdsC0MPLEMENTADDER#BtRAOR
XOR as controlled Inverter

'

b
, Az

bz Al bi Ao bo

i¥¥¥¥¥⇒.
Coat rt rt rt rt
←A±
t t t t
Sz Sz S

, so
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INCREMENTORWITHOUTINC.INT#

first incrementor

ao.li#::E

! half
if mentor

by b
,

b ,
bo

93 92 a
,

ao

④
by b
,

b ,
bo

←

93 92 a
,

ao
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DECREMENTOR

• b - I = b t C- t)

TWO'S COMPLEMENT DECREMENTOR

o -I = ( 1111 )

l l l

0110 6 0 110 6

+ C- 1) -0001--4 )

→①0101 5 O l O l 5

no

overflow

Half 2's complement Decrementor

at
l O O

S = a-

c
-

- a-

a

O

• S

C
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Full 2's complement Decrementor

to :

S -- a- b tab (XOR)

[ = a- b

a b -- Cin

Full decrpqgnentor@ - s

↳
o)

out

by b
,

b ,
bo

←

93 92 a
,

ao
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Overflows
Logic circuits have fixed bit widths

° Eg : 64 bit processor
. if result of an operation does not fit within the
bit width

SIMPLE ADDITION

93 bs azbz a, b,
aobo

*t±÷*
£

if cat , I f f f
overflow Sg Sz S

,
So

TWO 'S COMPLEMENT ADDITION

. three cases
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Case I - no overflow
-

one tire
,
one -ve

a tire
,
b - ve

case i case ii ease iii
- - -

lat > Ibl Ibl s lat lat = Ibl

result : eve result : -ve result : o

case II - overflow occurs
-

both tve

←
should not happen

↳ MSB is I Ccmsb is D in 2's comp tire

↳ Cmsbis t and cmsb+ , is O

CLI - overflow occurs

both -ve

↳ Msb is O Ccmsb is O)

↳ Cmsb is 0 and cmsbt , is I

overflow = Cmsb④ Cmsbtl
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93 bs azbz a, b,
aobo

Sz Sz S
,

So

/
overflow
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Question

Design combinational circuit for 3 YP q t op .
The GP is 1 when the binary value of the input
is less than

"
3 . The GP is 0 otherwise

ab
O O O l

O O l l y = Tibet Tibet a-
BE/Iµ y-i.AE#aaEtan-c-

I 0 I O

l
l O o y

-
- a-5 tae

l l l 0

Question

Design combinational circuit for 3 YP q t op .
The GP is 1 when the binary value of the input
is even the Gp is 0 otherwise

abC# ¥00 Ol l l l UO O O l

O O l O

: t÷k
I 0 I O

l
l O l

l l l O y = I
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Question

Design combinational circuit for 3 YP a.yr and
3 01ps a

,
b
,
c
.
When YP is 0

,
I
,
2 or 3

, 0/12 is
one greater than YP . When YP is 4

, 5,7 or 7 ,
Otp is 2 less than YP .

⑨
x y z a b c YZ g-I g z ya ye

i÷÷ :
a -- yzt Ky

÷÷÷ii÷÷÷÷÷÷i:i÷÷
IO O

b -- EYE tyztxy e -- xz t a-I
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Question a

Logic circuit for 7- segment display
fl b

et Ic

d-

Ab#defg
O O O O l l l l l l O O
O O O l O l l O O O O l

in:
O l l O l O l l l l l G

O l l l l l l O O O O 7

I O O O l l l l l l l f
I O O l l l l l O l ' 9
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